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 FLALN. | 
TRIGONOMETRY. 


N this Treatiſe beſide the Symbols, R.S.=./. 7.T. 7.V.v. for the Radins , 


Sine , Co-ſine , Secant , Co-ſccant, Tangent , Co-tangent, V\ erſed Sine of the 
Arch and i its Copplement,) and thoſe commonly received;(+-—x=> <L;) 
the Aut hox makes uſe of theſe alſo. 


=. Equiangular, +» 
th. therefore. 
2:1. Treanghe! 
_ 4 Perpendicular. 
_ |». |; Paralleh 
. £.LL. Angle. Angles. 
_ L.-: Right Angle. 
Zcr., Sum of the Legs. - 
Xcr. Difference of the Legs. 
ZLL. Sum of the Two Angles. 
© ,*XLL, Difference of. the Two Angles. 
©. h. (in the Column under giv.) Leg: Hypoteaſe 
344; j2 T1 


43 & \'X'% a | $ : v | 9 


& 4 


Chord or Shresfe, is a Rioht Line pling REELS, of. an 4 
A eons T1 
A ys me w SA , Sin, Gin; t dra 
of an; 1 pendicular | NT Prams _ ark from ous 


| the otherend:-or it 
twice thee: "AE is the 
ber pooh Sire of" g6 degrees, is talled: the "Tho Si Sie He dw AB, 4A; 


andis, the greateſtof 
all Sines 5 for *Sipeof Ar eater tha 
dings" OY, an Arp preater thatk 3 Quadryr Re4drar,, is leſs. than the Kaz 
"AVOſed Si; 


; he” tiG x £ E 1a 
Radius (ber EAR. Rn" rk git rare 


AB, and BD of the #6 | 
% » Ca 6 | Tts . oo 
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 Plam Triponometry. 


— 


The Secant of an Arc, isa Right Line, drawn from the Center through one 


 endof the Arc, tiil it meet with the 7 anger, z.e. a Right Line touching the Circle 


at the neareſt end of that Diameter which cuts the other end of the arc. FM 
is the Secant, and B Mthe Tanzent of the Arc AB, or of AD. | 
The difference of an Arc from a Quadrant, whether it be greater or leſs, is 
call'd the Complement of that Arc. G A is the Complement of the Ares AB, AD; 
and HA is the Size of that: Complement ; G1 the Tangent of the Contpltment ; F I 
the Secart of the Complement : Or as the Englifb uſe to call them, HA is|the Co- 
ſine of the Arc AB; Gl the Co-raxgent;, FI the Co-ſecant. SZ 
The differcgce of an. 4c from a Semicircle, is called irs Supplement. | © 
That part of the Radius, which is betwixt the Center and its Right; Siney .is 
equal to the Co-ſive., F EH A; and FO is equal to the Co-fine of the Arc Di, 
If an Arc be greater or leſſer than a Quadrant ; the Sum or difference, accar- 
dingly, of the Radius and Co-ſine is equal to the Yerſed Sine. FD HA —ED. 
and FB —HA= EB. | 


Of making the T ables of Natural Sines, Tangents, and Secants. 


N a Triangle are 6 parts, 5.e. 3 Sides, and 3 Angles; of theſe 6, any 3 being 
given,except the z Angles of a Plain Triangle, the 3 other parts may be thereby 
found ; if, ſuppoſing the Radim divided into any number of equal parts, we know 
how — of thoſe parts, are in the Chord, Sine, Tangent or Secant of| any Arc 
ropoſed. S 
F tolemy, with the Ancients, divided'the Diameter into 120 parts, which number 
was choſen by reaſon of its many Aiquot parts» But becauſe-in this diviſion, 
many Chords had Fraftions annext, and many were Surd\Roots, which created 
much trouble in Calculation ; therefore later Mathematicians have divided the 
Diameter-into many more parts, that in calculation the Reſidual Fraftions may 
be ſafely negleCted! +, Regiomontanu, and others, (fince the Arabiens brought in 


the uſe of Sines inſteatl of Chords,) divide the Radius into. roo000, &c, (adding 


as many Ciphers asjoccaſan requires,)- which renders the calculation much more 
eaſy, by means of Decimal Frattions thence proifced, inſtead of Sexageſimal and 
Vulgar, and for that the Ragiusbeing the Firſt Texntof many Proportions, Di- 
viſion 1n the Rule of 3 is hereby avoided; and Mukiplication, in caſe it be the 
Second or Third Term / | | | + «4 : 
The Method of calfuſating Chongs, isj ſhewn w Prolomy, Regiomontanus, Rhe- 
ticus, Copernicus, and way_of aſting up of- Tables | of ' Sines and 7 angents 


1s ſhewn by Rbeticuy,,/Clavine, Pitsſcus, Gellibrand, Cavalleriu and Snellins : as 


follows. —_— 2 _ 
1. AE the Sweet an'rc:being given; to find its Coline HA. | 
FAqz=AEq+RE9q: therefore /:FAq—AEqg:=HFE=HA.ory/:R9 


sSg: = E. 


2. AE the Sine of an Arc being given, tofind BN the Sine of half! the Arc. 

FE is known (per 1 )\ and conſequently -E'By thany/: A Eq-|-EBq: =AB; 
and ZAB=BN. 4.e.44/:$q—Vg: =S$4 Arc: . | | 

3. BN thi Simeof any Arc-being given, to find AE the Sine of twice the Arc. 

FN the Co-Sine is known (per 1Yand-A FBN is £4 ABE. Therefore F B.FN :: 
TIDES 1525; _—_ twice the Arc. | 

4. 6 .xP > the Sines of 2 Arcs 8D, x8 being given, to:find, xg the Sine 
of: the.Sum of the Aves. RNs Fog IT es I. vo LP 

The Co-ſfines FO, FP, are known (by 1) tut. F8.FÞF::AO0.Prz and TEL 
(APUm, 24A UF,z) A OFF. Therefore, ESFO::xP-xy,z.. then xy+P rags 
E: 9% :Suppoſ@the Are b a= 30?,. and ab.= ah, andbat t Þ .of. bL, ang&4&. 
itsC0-ſine; alſo b# the Sine of 'b L, and br its Co-fine ; draw: F acutting.b.ring- 
Then 4g hq-= bhq=beq + ebq; Therefore\, 3 gh 4=beq;, and gbaiy 3; 
=&cz.andiboÞghxy/3=b4; 3.c. the Sine of an Arc leſs than 36 Degree: 
adding 4/ 3 x Sine of the defect, makes. the Sine. of an..tre z, IR EOBUng 
39?. 'Thereſore, if the Sines of, all Arcs les a, 30? be known. theaelt 
a far:av60?, may be had by one Addition, and a Multzplicatiog ima vi3s © .' _. 


6. Agb 


—_ _ a <ya——_ 
——_—_— — - & —_ -  Iwo———— - 


Pais: Trigmmetry. 


[0 [ 


6. Agbf*Aabeb, but L bfg = FL=430"%; therefore £ hb 
And ſuppoſing a Circle on the Cetiter g defcrib'd thron " heb; be the ford I 
60? wilt be =bg the Radius. Therefore rb+bog=RKb: 5. e. the Sine of any 
Arc b D leſs than 60?, adding the Sine of the Defeat ba, makes Kh the Sinc'of 
an Arc ſo much exceeding 60%. Conſequently the Sines of all Ares leſs than 66* 
being know), the reſt to 90*, may be found by one Addition. For nſtarce, the 
Sine of 58" +82 = $62". 

The Radius is equal to the Chord of 60*®, and 3 + R=5 30 5 then (by 2d) are 
_— the Sittes of the halves 1 5*® 7 © OF 45". 1* J 52', 30”. 56, $4 20, 7", 

" 14, 3; Ls 7, : er 30.3 3', Xo gf 56”, re 1 140"  % an om - $2" 

mw 'T WY > wh So that by 12 Diviſions, we come to Sines which tare the fame 
ſenſible proportion as their Arcs; for the laft Sine fave one, is double of the laſt 
Sine to al , as one Arc is double of the other. But 1800x 1'=30* = 2048 
x 52", 44", ”", A " or” Therefore 1300. 20 43:: Arc ef, 4 a g. 4 ur Arc 1: 
S 52", 44", yg” +8 g ef E 

And thus by a continued Biſeftion of Arcs, the Sine of one Minute being had 
(by 34d) is found the Sine of 2', then (by 4th) the Sine of 3'> andſo to 30®; then 
(by 5th) to 60? A; and (by 6th) the reſt to 90? 

Geltibrand and Vieta find the Sines by the Analyſe 5s of Avgular Sections , inſtead 
of which Pirie and others uſe the Rule of falſe. 

Having the| Sines, we may find the Tagents and Secants by the following Pro: 

rtions. 

FE.FB:: Lan, ind FE.FB::FA.FM. and BM. BF::FG. GT. 5.e.2. 


R::S.T, andZ R::R.ſ. and T.R:; R. +. 


! 


LEMMA 'T 4 > 
EB.BN::AB.FB:: (SAB) BN-$FB. 5.e.V. $4 Are: +84 Arc. :R, and 
vherefore 4 VR = 597 Arc. 


| LEMMA Nl 


\ 


:Rv=2843 Arc. Fordraw 2x _|_F B.th: Fee NIRO SLRS ED. 
but F-xFB= FNg. | 


EK M M 4 Il. 


The Tangents of 2 Arcs A,B, are reciprocally proportional to their Co-tax- 
gents: For T, A.R::R.7, A. and T,B-R::R. 7,B. Therefore T,Ax7, A 
=RxR="T,BxrB: Therefore T, X. T,B: 7, BFA. 


LEMMA IV. 


The Co-fines of 2 Arcs A, B, are —_ pro [tional totheir Secants,For | 


2,A.R::R.fA. Aand'2;B: R:: NB: *#,A:=3B:: B.A. 


Plain and Spheric Trigonometrys, are. uſually reſolved into 4 fundamental 
Ty. call'd Axioms. ; 


Te fog AXIGM. 


In a Right-an Triangles -if one] of the Right: Altigle be made the 
in Rigg the= = the Secant of the'Adjacent' 
and the other Leg will be 


by the following Figure. _; _ 
"i the follow Proportions; Toppott-rierz z" Lifes being s eſtimated in parts 
of any meaſure for example iti parts of the Table are proportional to 


Hague of that Angl6/ / But: if the Hypothe. 
nuſe be Radius, the 2 Legs will be: of the oppalite! Angles; as is manifeſt 


ſelves 


4 Plain *Ir19onometry. 


ſelves reckon'd- according to-any other meaſure ;' ſo AB 
reckon'd as Radius of parts 10ccoo, is to BE Tangent of 
the Angle A 30?, of Tabular parts 57735 :: ſo the ſame | 


AB of 213 fcet toBE 123 feet almolt. : ; 
Note alſo, that becauſe few Books have Tables of Loga- 2 


rithmic Secants, I have declined their uſe for the moſt part, 
which hadI admitted, I mighr eaſily have varied'the fol- 
lowing proportions both of Plain and Spheric Trigonome- 
try many other ways, as Clavixs has done. But 1 have. re- 
garded the giving not ſo much a multitude, as of one good Solution to each caſe; 
and ſuch I count that proportion to be, which has the Radius, in the firſt place, 
for which end [ have given an inſtance or Two of the Secants. _ \ 

In a Right-angled Triangle, one Acute Angle is the Reſidue of the other Acute 
to 90? conſequently one being known, the other is known: And inan Oblique- 
Angled Triangle, Two Angles being known, the Third is. alſo known, jas being 


- 


the Supplement or Reiidue of the Sum of the other 2 to 180?. 


x : 
-| 
# ». 
S 


The Seven Caſes of Right eAngled Triangles. 


Seethe Iſl _ Given [Requir'd Proportions giv. |req|. f: 
Figure, _ —— . 8 24% Us i —_— i 
. AB.oL] BE*-|R.AB::T;A. BE - © c, LL] 6+ 
ABI] AE $,E.AB::RAAE: 7; -:;iÞ 4; 
| or, R.AB::,A.AE "F- 46h ut 
AB. AEj £6 JAE.R::AB.S,E c.hi LL 
AE.R':: ABS, E, then? 
AB. AE} BE R.T,A::AB.BE. 6 c.h.1 e | 
| or /:AE+AB:x:AE—AB:=BE] . oh | a7 
AB.BE] 4L JAB.BE::R.T,A. "Toe | ALF IR L 
-AB.BE|] AE J]AB.BE::R\T, A, then = 
Z SL A.R:: BE.AE. 
 AE.LL]- AB} R.S.E::AE.AB. - « [Fe C 
The Secomd A X TO M. 


ATT WT? Qt IM 
. : 54 2 — A* 
c 


. ;Inany Triangle OE A; the Sides are pto- 
portional to the Sizes of the' oppplite Angles. 
For OE.R::BE.S,O, and AE.R::BE. 
S, A. Therefore OE. AE::S,A.S,Q. 


. 2 pp 4 


The Six Caſes of Oblique-angled Triangles, | 


VE.AE.A. | O |OE. AE::S,A. 5, O. | 2/.Lop|Lop| i + I ENT 


Note here, that whereas any Arc has the ſame Sine, Tanger, 

and Secant, with its Supplement , the Angle Q is ſo ambiguous: a 
;, e. Whether *tis Acute-or- Obtuſe, cannot be diſcerned, from F 

the Three things,here given, therefore its kind muſt be found 1 

from'ſome other: Circuniſtance of [the Queſtion. » - | > r 7 

OE. AE.A |AO|OE.AE::S,A.S,0 7 hence the Angle E will bealfo known;thea” | 
__- © | W 5A.OE-S E ROC jakLop] ffi} co i 254 191] 13 'E F 
A.O.AE. = S$,O. AE::S,A.OE - ' [2Gilop|Lopp Eo a b; 
or aaCl [ 726 & ROLYYTS 13 A 
$03 1 ITT: Or ITE: ii] : b 
"q fil 919 Tc ? ; 


Plain Trigmometry, == = p 


— _—_— 
W—— — ————— 


The Third A XIO M. 


j The Sum of the Legs of an Angle DBC, is to the difference of the Legs:: as 
f the Tangent of half the ſum of the oppoſite | | 
bf Angles, Is to the Tangent of half their diffe- | 
rence Dem, producing DB, take BG=BC, and 
and divide DG equally inE, and GC inA. 
Therefore BAis | GC, and AE || CD, and 
| __ LABC=3GBC=32ZLLop, Draw BF || DC; 
4 therefore LF BC=altern LBCD. And if from 
i £ ABC the* Sum of the Angles BCD, BDC, 
: you take the Leſſer CBF, there will remain 
LABF the + difference of the ſame BCD, 
BDC; andif from the 4 Sum of the Legs ED, 
you take the leſſer Leg BD, the Reſidue E B 


| will be the + difference of the Legs. But putting 
: AB Radius, ACis he gee of iq ABC, 
[4 and AF is Tangent of £ABF); therefore Zecr. Xer :: (4 Zer. ® Xcr 3: ED. | 
b AC.AF:)T,:ZLLop. T, £X LLop. G : D-ZBX 


B.BC. BD. CRC TAREBE DT iZZio.T,iXToop Bord? 
' 3.6. C.2.lopr. 3X = greater L D,'and TS, a6 1s ot ; 

3 BC: BD. B| CD bar Angles C, D by the laſt, then S,D:BC::5,B.TD. or 
"oY 3.e.L.2 lapr. _ |S, C.BD::S,B. CD. 


Having an Angle CBD, and the Logarithms of the Legs CB; See the laf 
the other 2 Angles, which is a ts ao Aſtronomy. 2501 iþ — - 
The leſſer Leg.BD, is to the greater B C:: as the Radius to the Tangent of an 
Arc, from which taking 45 Degrees, as the Radius to the Tangent of the re- 
maining Arc :: ſo the Tangent of the z Sum of C, D, to the Tangent of their = 
difference. | | "I 9” - 
Dem, Draw BH. [and = BD=BI, andIM.LIH. thenBH.BG::R.T 
LBHG, whence taking -BH1.R.T, ZSIHG::IH.IM::DH.IM:;: DG: 
IG :: [by 3dAxiom] T,z Z& Cop. T,*X L Lop. | ; bs 


The Fourth AXIOM 


f Having drawn a Perpendicular from an Angle 
gs to its oppoſite-Baſe, the Baſe CD will be-to the. 
2 Sumof the Legs CG :: difference of the Legs CF, 
j . to the difference of the Segments of the Baſe 


CH. 
; BQ.BD,CD. ERS }CH=ED. and then CB-R::CE.zZ,C, and BD.R::ED.=,D. 
: T0 


. 


6 


Plain Tr r1gonometry. 


ammJuna—BB 


— — 


This lait caſe may be Letter ſolved by Four other Theorems. For the analylis 


and demonſtration whereof, ſuppoſe zx, z, the 
legs of the Angle required; B its Baſe, A and 
. N © A, the Segments of the Baſe made by P, 
P a Perpendicular let fall from another! Angle, 

Ad =—Y whether it fall within or without the Triangle 
N z =m—n, x =m—n, 3 =3 Sumof mg,B. 
| Then is m1 — AA=PP=BB—ap—AA 
mm d-nu —BB | | | 


27 


A 


+ 2A. Therefore —A; therefore R. = of the Angle 2-0 


MM. 


:: 2414.vim--1un— BB. Therefore 2 mn. (2mn*mmtas 


« 24 | 
22, — BB ve V_..x zRv__=q, WR 
:R.RES=quiRR-igy=g, 5 ANg Therefore 4 m7, 


+BB=)pp__x 


Rq:zz—BB. =4} Ang :: BB— xx.Sqz Ang. and 22 — BB, BR—w&x:; 


= qz Ang. Sqz Ang. :Rqg. Tqi Ang. ::74.Rgq. 


. 4mna. Z|-B:ix:4—B ::Rq.=9 : Ang. or mn, 3:x:3—B::Rq. = q. 


9g ; Ang. 


3. Z+B:x:Z—B;B-X:x:B—X::Rq.Tqt Ang. or-3x:3 —B.3— 


mx; —n::R9q. 193 Ang. | | 
4. B-EX:x:B—X.ZþB:x:Z—B:: Rq.rq% Ang.-or Zo mx 11 3 
xz: &—B::Rq. 74; Ang. | ET 


Becauſe zz — xx = 47, if you have an Angle given, with its Baſe, and the | 


Sum or difference of 'its Legs, you will have by theſe Theorems the 'Square of 
the Difference or Sum, and fo both the Sum and Difference, and conſequently the 
very Legs. | | Ae 

if inffead of Tables, you would work with a Seftor, or Gunters line, or other 
proportional inſtrument ; the firſt Theorem 2 mw». BB—xx::R.V, is to be 
reſolv'd into 2 Proportions, 2m.B+ x::B—x.G.then».G::R.V. or into 
theſe, B-1- x. 2n::m,H. theo, H.B—x:{R,V. l $47 


2. 4 mn. B--x:x:B—X::Rq.Sq i Ang. or mn. & —m:: 3 —n::Rq. 


ST. = 
"—iSpuaart_- 


** 3. 2 Dan SALE AE Wc: >, ara Sy aud +, "4 , on.” 
Eo — 4 4 A , : 4” LY _— 5 
5 ; , . [412-04 *| 


the meaſure of the. Angle. 


SPHERIC: | 
TRIGONOMETRY, 


Spheric Triangle is that which is contained between the Arcs of 5 
Circles of the Sphere. Sp | 3 great 
A Spheric Angle is the ſame with the mutual aperture or inclination 
- of the planes of thoſe 2 Circles which cgnſtitute the Angle: 


Aﬀettions of Spheric Trianglet. | 


i. When a Circle falls on another Circle, the Sum of the 2 Angles made thert- . 


by is = 2 _| 
A When a Circle croſſes a Circle, the Vertical Angles made thereby are mu- 
tually equal. | | | 
3. The greater Angle is oppos'd to the greater ſide. 
| 4+ An iſoſceles Triangle has its 2 Angles at the Baſe mutually equal; and on 
the contrary, if a Triangle has 2 Arigles equal, it has 2 lides equal. 
5. Two Triangles mutually equilateral, are alſo. Equiangular one to the 6- 
ther. | " 
Theſe 5 proprieties, with the 2 next are common to plain Triangles, and 


have a like demonſtration. | 


6. 1f there be 2 Triangles, and in each, one Angle and the 2 Sides including 
reſpeCtively equal 3 or if one Side and the 2 Angles adjacent be- ſeverally 
equal; then the 2 Triangles are equal; for if laid one upon another, they will 
agree. | EY: | | 2p 
we Two Sides of a Triangle are bigger than one: For the Arc of a great Circle 
15 the ſhorteſt diſtance betwixt 2 points ori the Surface of a Sphere; as aStreight 
Line is berwixt>2 points in a plain. IT 

* 8, All great circles cut each other into 2 equal parts; for their common Settion 
is.2 Diameter of the Sphere, aiid conſequently the 2 Sections of the Peripherys 


15 . _— . . #* o 
off 2'grear Circles are at a Semicircles diſtance. 


Hence it follows that _ _ of a Spheric Triangle, 
Is It 


is leſs than a Semicircle. ſs thait the Semicircle _ | 4 
DC... | | 

9. The Oppolite Arigles at the SeCtionis of 2 Circles ate 
equal, LD=£C, for the ſane Planes conſtitute both * 


Angles. 


Greater, equal, leſs than a) Semicitcle, the intern Angle at the, Baſe .is '(accor- 
agly) > = < outward oppoſite, and conſequently the Suri of the 2 intern 
Angles at the Baſe is >=<* 2, Dem. If DB+BAS=<DC, then 
BAis > = <BC;, and therefore £ (C) DS=<ULBAC, and LD+LDAB 
S = <(BAC+DAB=)% |. ey wy 
11. Coroll. In an Iſoſceles Triangle, if one of the Equal Legsis > = < Oun- 
drant, the Angle at the Baſe is >= < |. | 
12. The Sum of the 3 Sides bf a Triangfe, is lefs than a Circle; forB a <BC 
+ AC. th. DB DA -+BA< DBE-|-DAC.| _. .."* 
- .13- If from the point of an Angle as a Pole, you deſcribe a great Circte; or 
which is the ſarhe, if you deſcribe a Circle at the diſtance_of go Degrees from 
the. point, the Arc of this Circle intercepted between |the Legs of the Angle, is 


W” "5 LNG: {4. The 


=Y | 


10. In any Spheric Triangle, if the Suni of the Legs of an Angle be S = < - 


xy 


+4. ; | 


Spheric Trigonometry. 


| oo 


14. Thepoles of the Sides of any Triangle GH D, conſtitute another Triangle . 
: 2 xm, which we may call ſupplemental to the 
&4GHD); forthe Supplements of the Angles 
and Sides of A: xm, are equal to the Sides 
and Angles of the Triangle GHD. | | 
_ Dem. From the points GHD as Pdgles, de 
ſcribe 3 grear Cifcles, x AY,R T-mz,xBZ; 
then ts Y #—-Qradrant = Ax 5 becauſe m is 
the Pole of HG Y, and x or E the Pol&'of GA, 
therefore mx = AY = Supplement of CA = 
LHGD. and Z» Quadrant =BX, therefore 
2x —BZ= Snxppl. L HDG. and = T —Qua- 
drant = R. Therefore » m = T R = Supple- 
. ment ef L DHG. %.. 
Note that the Triangle » E -z conſtituted be- 
tween the 3 next poles, has its 3 Sidesand An- 
gles = Angles and Sides' of A GHD, fave 
that the greateſt Side #m is the Supplement 
of the greateſt LH, and LE of the Side GD. 1 


15- Any Angle of a Triangle with the difference of the other 2, is <2 5: : 
For xu<xm4mn.i.e.2 |}—D<2_}—6G4-2.J—-H. Therefore G+H : 
— = 2 —- [ $ 


16. If 2 Triangles are mutually zquiangular, they are alſo mutnally equilate- 
ral ; for becauſe theyare Equiangular, their Snpplemental Triangles are equila- 
lateral (by 14th) and therefore Equiangular (by 5th) ahd therefore the propo- 
ſed Triangles are Equilateral (by 14#h.) 8 p. 

17. The 3 Angles of every Triangle are > 2 _}, and <6... For »x+ x 
+2m<4_ (by the 12th,) 4.e. pant utipg SE 7 Bo e21]J<D £ 
+ GH. Secondly, The Sum of the Intern Angles,” is leſs than the Sum of the 
Intern and Extern both, which in all, make but 6 J. _ EC 

38. Of ſeveral Arcs of great Circles falling from the ſame point of the Spheres 
| | ' Surface on another Circle, the greateſt is that which 
paſſes through the Pole of the Circle, and the next 
'..to this, is greater than that which is farther off.: For 

—_ P the Pole of the Circle C=D, and & the Pol 

of DPC; thenis AD>SAB >AE>AC;andt ; 

Arc BaC =>BP>BD. < TIME", : 

* 19. A great Circle jigſling through the Poles of anv- 

ther . great Circle cuts It at Right Angles ; and on the 

contrary, if it cut it at Right Angles, 1t paſſes thropgh F 
| its Poles. LPBD = _J=PGD =PDB ==AC. | 

20. In an Oblique-angled Triangle, if the Angles at the Baſe are like or of 
«the ſame kind, 5. e. both Acute, or both Obtuſe; the Perpendicular falls within 
the Triangle, and the Quadrantal Arc without: But if they be unlike, the Per- 
pendicular falls without, and the Quadrant within, For AE AF has £4 E, F A- ; 
cute, and the Perpendicular AC falls within, and the Quadrant A without. 4 
Alſo AB'AG has LL B,G Obtuſe, and the Perpendicular AD within and the 
Quadrant A + without. But the a BAE has LL'BE of different, kinds, and the | 
Perpendicular A C without, and the Quadrant'Am within,  _ RR... | 
Moreover by the ſame Figure 'tis manifeſt, how the Ambiguities'of Right An- > 
- gled Triangles may be ſolved, viz. - = I” [- : Fs f 


SOLUTIONS. Za Sy 
1. The Legs of the Right Angle are of the ſame kind with the oppoſite Angles. | 

*So in the ABDA, becauſe D A> Quadrant DP, the L DBA >] DBP: And f 
in ABCA» becauſe AC << Quadrant PC, £CBA<_JCBP. | + | 
>. If the Legs, (and conſequently the Angles) are of the ſame or different 

kind z the Hypothenuſe is accordingly < > Quadrant. * So 'in' the Triangles 
EDA, ECA, the-Hypothenuſe AE is < Quadrant, butin 4BDA, the Hy- f. 

' pothenuſe AB is > Quadrant BP. ar "; 7 
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3. If the Hypothenuſe is < > Quadrant, either Leg|with itsadjace 
is accordingly of the ſame or different kind , as follows from the 3 laſt, 
. | For the viewing the Sines, Colines and other Right Lines 
not viſible in a common Sphere: I uſe the Arcs of 3 great Circles 0 


, 


at Angle, | 
o Arcs which are 
Card Paſt-board, 


+ - y4 Þ 


C-- 


put together as in an Armillar Sphere. As ſuppoſe 2 Arcs BP, BA X and that 


BPH the Plane bf the greater Arcwere turn'd round BH, till that a Right Line | 


icular to the Plane BA H, may fall on ſome point of the 
Live G:A, ſuppoſe on D; for in that, Poſition P A B will ba Spheric Triangle 
Right Angled at A, and BP the Hypothenuſe, BA the Baſe, PA the Perpetidicu- 
lar Arc. And ſuppoſe PA (Fig.24pag.g.) =PA of the Triangle,and fitted according 
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to its Letters therein; and draw AE, 


the Arcs + A,BP,PA, and their Co-fines will will be EC,FC,DC. Thefethings being 
preſently 
* appear, 


ff.” 
»aow * & «« 


dong or corcely'd, the 2 firſt Axioms of Spheric Trigonometry, will 
L29% - B 2 


\ 


PF.L BC; fAE,PF, PD, will be Sincsbf 


 Spheris Tri gonometry, 


rat obſerve the common Mcthod,to which endet the Arc & « (Fig. 1.p4g-10 Ya alſo 


Y, 


«> 


fitted in the Solid am to its "PTR Then inthe 2 Right — Spheric 


Triangles PBA, = B -» having the ſame Acute Angle B at the Baſe, 


The Firſt AXIOM. | 


The vines of theH thenufes are Pro tlanal to the fre of the berg 
calars PF.PD: :nC. 0. : my 


The "ONE A X I 0 M. 


The Sines of the Baſes are proportional to the Tangents of the Perpendicular 
A E.AG::aC.eyq. 

Theſe 2 Axioms may be as well inderpreted without the Arc  «, and their Con- 
gruity with Plain Trigonometty <4 by only conſidering the plain Right-an- 
gled Triangles F DP, EAG. (viz.) 

1. PF.R:: PD, SL(PFD =) B. 4.e.Sof Hypothenuſe. R:: : S of Perpendicu- 


lar. $ of Lat Baſe 
+4. AE.R::AG. T,L(AEG=)B. 5.e. SofBaſe. 
 —_ R :: T ofthe Perpendicular. T of {at the Baſe. 
* ahi: _. : For the following Caſes, I ſuppoſe BAP (Fig. 24 pag. 


6&1 3 : t0,) a Right Angled Triangle, and its Sides produc'd to 


| DN. ; Quadrants BN, BM, AD ; ſuppoſe alſo, PE;PF, NGand 
3 EG Quadrants, Then i is, NE = BP, and Comple- 
ment of BA =AM = LADM, and FE=LFPE 


. A,M,N,E, F right-- 


f} nt 3x 9. ; - ti iott} ci | IIS I 
4 fe ; my, . . ; * - 


Given 


appear, and alſo the Demonſtration of the 16 Caſes of Right Angled Triangles, | 
without any other Fignre or Production of Sides as is uſtial. However ſhall in _ 


=£ZBPA, and GD=NM =LB. lcke GO | 


Ws 


Spberic Trigonomttry. = 


» 
ous frog} 
— a 


Given |Req af he Proportions for the 16 Caſes of Right Angled Tri-| . |. | 


angles, with the Solutions of their Ambiguities. IV. « req. jnu 
BA. P = DA.S,AM::S,DP.SPN (by 7 1 Ax.) be REBA:: ce |b |. 1 
= PA. BP.|Sol. 2. : 


2'T,B. T, PA):: (by Lem. 34) 7 PA. 7B Sol. 1. 


BA. PA] B HG pAs MN. T,PA. (by 2d Ax.) 3e.R. S$BA| cc. | L c 
BP.P.| B ITE 'TEF.TND. (by 24 Ax.)i.e.R.=BP::[b.c | j 


P.7B:: by 34 Lem. T,B. 7 P|Sol. 1, 


BP.P.-[PAR.GE.SGF: TEN. TFD.5.c.R.zP: ;T'BÞ, TPA|h.4 (Lad 
RE 9 Wo... =B:: TBP. T BA. | Sol. 3. & 
BP. P. [BAR.SBP::iSP.SBA. (by 4x. 3 fob. no. 18 h.4 cop] 5 
PA.P. [BP|ISGE.SGF =: TEN. TFD::7FD.7EN.+e.RizÞ:ib, Zadj|b '6 
TPA. » BP| Sol. 3» | 
PAP.| B &PF. SPD::SFE.SDN. je R.EPA: :S P. = Blr.Ladj| 6 | 7 
F q | Sol. I, 
BA.B. |PA _ = : TMN.TPA. je.R.SBA: \: TB TPACZa4|c [8 
0. 1, 
PA.B. [BAſR.7 B:(TB.R:)TPA.SBA TEST) F=Y EYDmBF 
PA.B. 2, 42 SPA: R.SBP (Arr.) Ambig. | c. Lop] h ho 
PA. B. 5PD.SPF::SDN.SFE. 4.e. = PA. R : : = B.SPſc.Lop]6 hi 
$5 | hs it leLmbig. | 78 | 
PA.BP| Þ R.7BP::(TBP.R:: CEEDELDDED cb. |Ladjht 
PA.BP} B S BP.R:: SPA. SB[Sol. 1, | tc þ. [cophrs 
PA.BP|BAj=s PA.R:: = BP.z BA (by 1/i Caſe) | FX C014 61) 
BP [BP[R.7P::(7P.K : (by 3dCaſe)  B.= BP|So. 2. | 6 | + big 
ze PAISP.R: =B. = PAL Gal [Su T0 W_ 47 PW | 


'In Oblique-Angld Triangles > having tet fall A popes to make | two 
h PT Triangles, 


Toy 445 


AVLE NL | 
—Fhe Co-fines of the As &s at the Baſe are proportional 20 the Sine of ths 
wes abt = For, (by 7 Caſe of _jer.) - 


i 
; 


L 2B; S4LBPA= (SPA. R5)ED.S DBA. 
RUVLE IL 


|  Co-ſinegdf the Sides ar Proportional to the Cofhlol ths alk ww 
by 112th of = , 


EE JO "—SBA:EBPE(RSP AtYSDA. 2D#.- Ty og 9 WEAR 
TY avLs 


= |}. Spheric Trigonometry. 


RULE Il. 


The Sines of the Baſes are reciprocally proportional to the Tangent of the 
Angles at the Baſe. For (by 24 Ax.) 


SBA.R:TPA.TB.andSDA.R::TPA.TD.th.SBA.SDA:: TD.TB. k 
RULE IV. 


The Tangents of the Sides are reciprocally proportional to the Cos of 
the Angles at the top. For (by 4 Caſe of _ rr.) 


TBP. TPA::R.EBPA. and TDP. TPA::R. zDPA. th. TY. TDP:: 
EDPA. ZBÞPA- 


The Third AXIOM. 


In any Triangle, the Sinevof the Sides are peoportienys to the Sines of the 
Oppoſite Angles. For (by 1ſt Ax.) 


SBP. R: :SPA.SB. and SPP.R: :SPA.SD. th. IE 5 DP: SD. SB. 


Giden tea] The Proportions for _- he nag of ES F giv, yy . 
BP.PD:Bl D SPD.5B::5 BP. SD| Anbig. WEE © Lee T1 


Be.B.D [P12 [SD. S BP::$B.S PD| Ambig. (2.£/.opſlop] 3] | 
The 8 following Caſes are reſolv'd by letting fall from the extream of 2a piven 
Side, a Perpendicular oppoſite to a Given Angle. And you muſt obſerve. the 
Addition or SubtraCtion both of - the Sezments of the Baſe, and Angles at, the 
See therwo top, according as the Perpendicular falis within « or without the TY langle. | 
laſt Figures. - 
bP.rU.B| BU RE B:IBD. TBx, by - — In] then by Rule] 1. Top E 1-3 
24, = BP. z BA:: = DP. Z DA. But here *tis doubt-] | 
© {ful whether the Perpendicular falls within'or without]: | 
the Triangle, unleſs the kindzof the AngleD is dis foreknown. | 


BP.PD.B| Þ [R.-<BP:: TB. BP A(by 3 Caſe _J)and then by Rule 4. 21.LopLop 4 | 
TDP. TBP: :EBPA.ZDP A. |Here alſo the falling off | 


PA is doubtful, unleſs you know the kind of £ D. 


BP.B.D| P |R.£ BP: TE.7BPA (by 3 Caſe, |) and by Rule 3/2 2h.op| £ | 5 
| EB.SBPA::ZD.SDP'a|If B, I are like,the Sum off ' 


BPA, DP Ais =P, elſe their difference-=P. ” W 


BP.B. DIBD|R.EB::TBP. TBA (by 4 Caſe _J) and by Rule 3./a &.l.op. apr| 6 
T 0.TB::SBA.SDA.|Ik Bis tik&D, the Sum off _ 
BA,ADis = BD, elſe the difference. 


' B.P.BÞ|D:]R.EBP::TB.7BPA-. (by 3 Caſe) th then -n by Rule 1,]z > £.1apr | {as F-/ 
SBPA. SDPA:: = B, =D:|If BP A ispreater than BPDg © OJ 
Acute Obtuſe | 
and alſo B obtuſe? Dis-4 1. But if BPA is >BPD| | 
Acute Acute . | 
pnd B obtuſe? > Obtaiſe ' Bb | | 


B.P.BP [DPR.ZBP; TB.7 BP A, (by 3 Caſe |.) then by Reg lad Lap 
202 TPrs EBPA::TBP. TDP|if DPAis —_—— WE + 
B:DPis leſs greater, than: a Quadrant. . al 


y 4 


Yy 


- RS , » . , VI Trans £oe.£.y 
AS nem mms —_— 


S =. TIgonampery- £4 13 


 BBEBDBIDPR. TE TBP. FEA CO EDT an y Rule 2Jz7:Z5pr ITy9 
"> A. EBP:£DA. -EDP|1f D Is like, un unlike (PA) K 
LB: thenPD > <T go?. 


BP.BD.B] D |[R.E B:: TBP. TBA put wy )\ then by Rule 3. al.Lopr| 4 " 


SDA.SBA*:TB.TD > BD: D will be 
like, unlike B. _ TOO 17 | 


LO 


"uy & 


TE MMA ” 


The difference of the Verſed Sy of 2 Arcs x 'R 
— $5 Sum of the Arcs Multiplied by the Sine of:{ © | 
difference of the. Arcs. For- ſuppoſe AF,AE, the 
2 Arcs,. the difference of the Veried Sines is A G — 

AH=EB, andS4X Arcs =FO, and SZZ Arcs 
=AD. But AACDE&EFB. th:AC.AD:z. 
FE.FB.th: 2AGx%FB=AD*FO. 


The Forth 'A'Y'T 0'M. | 


ARettang le or Produtt of th Sines of the Leg Ra: difference Wy 
Sines of Baſe and of the difference of the Legs, to the, Verſed Sine of the.. 
Vertical Angle, - Dem. Reſume the foreſaid Circles. of. Paſtboard, and ſuppoſe. 
there B the Angle requiz'd, BA,BP(=BM)iis Legs, PA the Baſe to ——_ 


= 2 2 iO " 4 
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$ pheric Trigowmetry. 


Caſe Tl The 3 Sides of any Spheric Triangle, being given to find an Abate. 

[) Sines cr. Rg ::5S: 3 Baſe-t- 3 Cliff, cr. x S: 3 Baſe — 3 diff. cr. Sq 3 Angle. 

Dem. 'AExmF.R9:: (by, b Ax.)bL.ye ::bLxiR. YaxtR. 1,C. (DJ Levi 
gthand 1/t.) :: S:3 Ba e+2di cr: $:5 Baſe — + Sq = Angle. 


| 
COROLLART, | 


"Suppoſe m7,” the Legs of the Angle, B the Baſe, Z=m-n; x =m—n. Z 
—2Sumof m, 2, B. th.[]Sinecr.Rq::S: JF —m:xS:Z—2.5894% Angle. 
TVlacg. preſcribes this following , which comes.to the ſame. Sm. 3 —m% 


S;&—7n.A. andS».R:1tA.Q. then RxQ=5Sq; Angle. 


-COROLLART II. 


Putting «= Complement of mz Gunter reſolves the 11th Cake by this fi cole Pro- 


portion. $-.0»n::E BU S:ul-3:V of the Angle. For ——— and 
VBuV: m—a=EBoS: m—: =EBOS: +3. 


| COROLLART Il. 


Being a Propoſition like the 4th Axiom. [] Sines cr. Rq:: V Zor. — V ' Baſe. V 
Angle. For reſuming the Circles of the Paſtboard, reduce the Plane BP to the 
fame Plane with B A, ſo that they may make one Circle, and let fall Pa 3 AC. 
Then b>= a A.—BA:3.e.V Zcr. — V Baſe. But AE.AC::ba.ÞP. andm FR: 8Þ. 


Ang. th:AExmF.Rq::(bax8P;6Pxv::)ba.v. Hence follows 


COROLLART Iv. © 


] Sine cr. R9: :S: 3. Zer {- 4 Baſe: xS:3 Zer — 4 Baſe: ® = 2 Ang. For AE * 
mF.Rq::ba.viibaxiR. vx ZR. 4.c. (by Lem. 5th, A td: :S; _ +43 
Baſe; *: iS 4 Zer — 3Baſe, £95 Ang. Hence 


COROLLART V. 
$-mxSn.Rq:2SFxS:Z—B:Z9ZAnrg, 


COROLLARY. VI: 


| the 5th and 1/t Coroll. that $3 xS: Z— B:.S: Gm: x$;3 
:: (Eqs Ang. S's Ang, : :)Rg.T9gh Ang. 


COROLLARY VI. 


K. 5: $—mxS: :& —#:.SZxSZ—B::Rqcrqt Ang, This followsfromthe 
Corottary 


COROLLARY VIII 


praftiſe Fofter wi is] Line of nes. pc Ae, VB—EVKX. 
VLtzSmxSn.R q:: (by 34 Cer.) VZ—VB.vt;: :Sum of the xd yh Terms, 
Sumof adage. 5,6. VZ—YV X. Diameter; | Ya, 


COROL- 
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COROLLARY. A 


EZOEX EZ 5: Ys | 


me from 83 Cox,) - * Me: = Bo BX. VL. : 


R:iEZBo Su-kn.V 4. Which 18a Theorem of frequent uſe with Kepler. 
12 Caſe. The 3 Angles being given, to find a Side- 
The Angles adjacent to the Side requir'd, call Legs, and the Angle oppoſite 

call the Baſe, theu Work as in the 12 | Caſp. For Bb is the tion in the 

Sipplement al Tr angle, whoſe Angles and Sides arezqual to the Supplements of 

the Sides and Angles ot the Triangle propos'd. But Arcs and their Supplements, 

have the ſaiyye Sines and Tangents. 
In z Trizngle that is Right Angled or: Quadrantal, the 2 parts which are ad- 


jacent to the Right Angle or Quadrant, together with the Complements of the 


other 3, are called by Neper the 5 Circular parts. And if the 3 parts which enter 
the Queſtion, (viz:2 are gwen, and one required) | have no interruption , now 
though a Right Angle or Quadrant come between, 'tis not counted an interrup- 
tion ; that part which is berwixt the other Z, is call'd the middle part, and then 
the otier 2 are call'd Extreams adjacent or conjundt. But if there be an inter- 


ruption, that part which is ſeparate from the other 2, is called bebe middle part 
and the athes 2 Extreants oppoſite or disju nt. This deing premifed dA » ak 
ter a dihgeat view of the Solutians of * the Cafes of Right. Ang 
Urantal 1 ranges $ has obferved, that' they all avree or gg Pro TR 
_- That Red. x S of the middle art is = Reftangle Ring oo Pre 
Tagen cats of the Exitreaws pans! oy or toaR thade of the = 
reams digjuyct. This Propoſition drivented b rig porely >) Arm 
of Memory , has been fince applyed inal 'its Cafes by wn 


Ur _ Onghtred, Nerwaod, Placg, Ward ard W, Wing. 
Spberic Triangle DAF, 2 Right a 

Pilep iy excets of the 3 Angles above 1 þ, as (G 

ny hs durſvce of the Sphere, to (4 4) 4 times the Syr= a 
the Triangle. Dea. Continue the Sides to Se- . 

midrls continue 3160 F B, F C to Semictreles mert- 

ng again ing, th. ABaG= 4&4 AFD. Bur 4rd: 
L AF-+CADF+LABD:: + G, totheparts of. G. 
which are betiveen the 3 pairs of Semicircles my _ 


ADC,DAaB DEB, FBaFCa, which parts are 
macifeſtly 3G +2 A. th. 2 444k & G:G 4 4. OI :64S. 
Suppote © the Periphery of a great Cirete, and'E an Arc t > LE. om 


2). thit. E::G. 48. thag A=EG=2RoF. th. ARE 

The laſt Propoſition is I think due to Cavallerius, hut the next following was 
invented by Neper, and is celebrated not leſs for its ſibtilty, than uſefulneſs in 
reſolving the laſt tenth Caſe, without fetting falla Perpendicular, or any Am- 
bigulty-. 

In any Spheric Triangle DC B, 2 Sides DB, Bo, and L Binclyded being gies, 
to find the other Angles BC, by 2 proportions, (viz.) © 

$3 LR 91 \Xr2 rh + Vertical Angle. T ; XLL, and Z ; £Zer,SyXeritns Vert. 

6:75 / 


Spberic Trigonometry. 
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- F . 
af 1 af o® 
. bt 4 F 
# af TT = o® b 
88 TEAS | > 
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Dem, Suppoſe AEG Poles of the Sides DB, DC,BC. #þ. the Arc AE=£D, 
ArcEG=LC, ArcAG = 180* — LB. Suppoſe the Arc EO=Arc EG= Arc: 
EP. Thenif the points GAOEP be Kay 1d projetted, the Right 
Line AE will be =T 54D; andAG=74B, andAO=T4XLL, and AP= 
T45ZLL; and OGP will be a Semicircle deſcribed from its Pole E through G, 
whoſe Center ſuppoſe ». Then take Bag=-BC-= BL, and draw the Diameter 


BmAB, andDK||Bm||4H. th.DB=p, and nK=mH, and Fa =DL. 


Drew au _{ Ds, then Azdyz ADLJ, and DLKs Saves. th. Ly.fy:: 
DL.#a:LK.ds. th. Li|| Ke: But the Points Sa Ho are ina Circle, whoſe 
Diameter is a. th. L zo H=(LadH=LL4D=) Roy. th. LKoH= ya 
= . th mA =moa=mK. AlſoaR.LK:: (oa.oR::) TEDIa TEDIL. 
z, e. ZSine cr. X Sinecr:: TE Zcr.T4 Xor. th. Z Sine LL. X Sine £&:: T4Z LL. 
T3X £6. But Z Sinecr. XSinecy :: (Z Sine CL. X Sine LL ::) TEZEE. TEAXEL, 
1.caR.aHyiAP. AO, this KR+3aH a K—3aH:*AP4-LAO; AP 
AO. je am ma: Az. nG. But alſo Anglemau =LG An. th. (by 7.6 Excl.) 
AamoetAAnG, and th. AaHowzaAQG, and da Kygd APE. th. as, aH:: 


AG.AOrandao.aK::AG. AP. But Da. au:: DL(LK =)aH. and OA. aw: 
. dL. (LH=)aK.t.Da.DL:(as.aH::)AG.AO. and a. L:: (ao;aK::) 


AG. AP: j5.e. S&Zcr.S* Xer:z7 Vert. L. TEX LL and BEZeor, Ef Kerns 
Vert. 6. T2 ZLL 


COROLLARIES. 


In any Spheric Triangle AEG. 


s. T; Baſe, T3Zo:: TXcr. T4 X of the Segments of the Baſe AG made 
by a Perpendicular Arcfalling thereon from E. | 


? 


AG.AO:AP. Ad. 


2, TiBaſe T5zZor::E4ZLL ESXLE AG. AP::4a. gh. i For LEAG 
= ArcDB, andLAGE=BC. - | 70 
3. T:zBaſe T4Xer::SiZ4L.SE XL | 


AG. AO:: Da. DL. | | 
4 1f LEGAbe ſuppoſed Right, then APxAO =AG4. 5.c. la Right An- 


gled SphericTriangle,EGA,T; zHypot. + * Perpend, x T: 4 Hypot. = + Perpend. 


N 


ans Ate 
= 


* W_— _ 


| Spberic Trigonometry. 
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I ſhall here add 3 Theorems, ſcrving to find by \Calculation the Diameters or 
Centers of the Circles of the Sphere, in the Stereographic ptojetion, or for 
the more eaſy making and proving the Tables of natural Tangents and Secants. 

Draw CF _; BE, and CD=DE = DB. th. 

1. DCE =; FDC=+* Complement of F CD; but 

Arc ++ 


| FD+CD=FE. 5.e. TofanArc-þSArc= 
2. LDCF +2FCB=LCB-þ FCB=;j=DCF 


” +" & ve Lo CRE 
SC A 
l . 


Co-arc = T: 45* ++ Arc. 

+2DCE. t.FCB= DCE =* Compl. F CD, and BCE 
= JJ. But DF--+FB = CD. 54.e. T Arc + TE Co-arc 
=/ Arc. For example T 60* -+T 15* = [60® = 2Rad. 


for E Bxxread E B:: 


| and th. 2T60* +T 1g? =T 60 +2R=T60 bf 
j 69* = (by 1/ft Theorem) T 75*. | % 
; FE—FB  $Arc— T Arc |. F £ 
; 3. — 3.6 « — =72Arc.and 
\ | FB--FE rArc+-T Arc | | | 
| whe 5. I 6 — —= 623 Arc " | 
FINIS. 
| : | 
4 
| | h _ DD 
ERRAT A. | 
Pag. 2.1. 44.for Sq— readSq +. 1. 54. for gg bq =readagbg(qebg)= p. glad. 


